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ON THE SPECTRUM OF THE PERIODIC DIRAC OPERATOR
L.I. DANILOV
Abstract. The absolute continuity of the spectrum for the periodic Dirac operator
D̂ =
n∑
j=1
(
−i ∂
∂xj
−Aj
)
α̂j + V̂
(0) + V̂ (1), x ∈ Rn, n ≥ 3,
is proved given that either A ∈ C(Rn;Rn)∩Hqloc(Rn;Rn), 2q > n−2, or the Fourier series
of the vector potential A : Rn → Rn is absolutely convergent. Here, V̂ (s) = (V̂ (s))∗ are
continuous matrix functions and V̂ (s)α̂j = (−1)sα̂j V̂ (s) for all anticommuting Hermitian
matrices α̂j , α̂
2
j = Î, s = 0, 1.
In [1], the absolute continuity of the spectrum for the periodic Dirac
operator
D̂ =
n∑
j=1
(
−i ∂
∂xj
−Aj
)
α̂j + V Î + V0α̂n+1
in Rn, n ≥ 2, was proved, where V, V0 ∈ Lqloc(R2;R), A ∈ Lqloc(R2;R2),
q > 2, for n = 2 and V, V0 ∈ C(Rn;R), A ∈ C2n+3(Rn;Rn) for n ≥ 3.
Here, α̂n+1 is a Hermitian matrix anticommuting with the matrices α̂j , j =
1, . . . , n, and α̂2n+1 = Î. For n = 2, the proof is based on the results in [2,3],
where the two-dimensional periodic Schro¨dinger operator was considered.
In [3], the absolute continuity of the spectrum for this operator was proved
in the case of the scalar (electric) and the vector (magnetic) potentials
V and A satisfying the conditions V ∈ Lqloc(R2;R) and A ∈ L2qloc(R2;R2),
q > 1. For the periodic Dirac operator with n = 2, the same result as in
[1] was independently obtained in [4]. However, it was assumed in [4] that
V0 ≡ m = const. But the functions V0 ∈ Lqloc(R2;R), q > 2, can in fact be
considered in this case as well without any significant changes. The proof
in [4] used the method suggested in [5], where the absolute continuity of the
spectrum was established for the two-dimensional Dirac operator with the
periodic potential V ∈ Lqloc(R2;R), q > 2 (and A ≡ 0). Sobolev’s results
(see [6]) for the absolute continuity of the spectrum of the Schro¨dinger
1In this version a few misprints have been corrected.
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operator with the periodic vector potential A ∈ C2n+3(Rn;Rn) were used
in [1] for the case n ≥ 3. Sobolev later replaced the last condition with
the weaker condition A ∈ Hqloc(Rn;Rn), 2q > 3n− 2, n ≥ 3 (see the survey
in [7]), which permitted changing the smoothness conditions on the vector
potential A for the periodic Dirac operator [1,7] in an adequate manner.
The absolute continuity of the spectrum for the Dirac operator in Rn,
n ≥ 3, with the periodic scalar potential V (for A ≡ 0) was proved in
[8–10] under various constraints on V .
1. Let LM , M ∈ N, denote the linear space of complex M ×M matrices,
let SM be the set of Hermitian matrices in LM , and let the matrices α̂j ∈
SM , j = 1, . . . , n, satisfy the commutation relations α̂jα̂l + α̂lα̂j = 2δjlÎ,
where Î ∈ LM is the identity matrix and δjl is the Kronecker delta. We
write
L(s)M = {L̂ ∈ LM : L̂α̂j = (−1)sα̂jL̂ for all j = 1, . . . , n},
S(s)M = L(s)M ∩ SM , s = 0, 1.
We consider the Dirac operator
D̂ = D̂0+ V̂
(0)+ V̂ (1)−
n∑
j=1
Ajα̂j =
n∑
j=1
(
−i ∂
∂xj
−Aj
)
α̂j+ V̂
(0)+ V̂ (1), (1)
where n ≥ 3 (i2 = −1). The vector function A : Rn → Rn and the matrix
functions V̂ (s) : Rn → S(s)M , s = 0, 1, are assumed to be periodic with a
period lattice Λ ⊂ Rn. We set
V̂ = V̂ (0) + V̂ (1) −
n∑
j=1
Ajα̂j .
The coordinates of the vectors in Rn are set in an orthogonal basis {Ej}.
Here, Ej and E
∗
j are the basis vectors in the lattice Λ and its reciprocal
lattice Λ∗, (Ej, E∗l ) = δjl (|.| and (., .) are the length and the inner product
of vectors in Rn),
K =
{
x =
n∑
j=1
ξjEj : 0 ≤ ξj < 1, j = 1, . . . , n
}
,
K∗ =
{
y =
n∑
j=1
ηjEj : 0 ≤ ηj < 1, j = 1, . . . , n
}
,
and v(K) and v(K∗) are the volumes of the elementary cells K and K∗.
The inner products and the norms in the spaces L2(K;CM) and CM are
introduced in the usual way with (as a rule) the usual notation (without
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indicating the spaces themselves). The matrices in LM are identified with
the operators on the space CM (and their norm is defined as the norm of
operators on CM). Let Hq(Rn;Cd), d ∈ N, be the Sobolev class of order
q ≥ 0, and let H˜q(K;Cd) be the set of vector functions φ : K → Cd whose
periodic extensions (with the period lattice Λ) belong to Hqloc(R
n;Cd). In
what follows, the functions defined on the elementary cell K are identified
with their periodic extensions throughout the space Rn.
We let
χN = v
−1(K)
∫
K
χ(x) e−2pii (N,x) dnx, N ∈ Λ∗,
denote the Fourier coefficients of the functions χ ∈ L1(K,U), where U is
the space C or CM or LM .
Let B(R) be the set of Borel subsets O ⊆ R, and let Mh, h > 0, be the
set of signed even Borel measures (charges) µ : B(R)→ R such that
µ̂(p) =
∫
R
e ipt dµ(t) = 1 for |p| ≤ 2pih, p ∈ R,
‖µ‖ = sup
O∈B(R)
(|µ(O)|+ |µ(R\O)|) < +∞, µ ∈Mh.
For an arbitrary vector γ ∈ Λ\{0}, an arbitrary measure µ ∈ Mh, h > 0,
and any vector e˜ ∈ Sn−2(|γ|−1γ) = {e′ ∈ Sn−1 : (γ, e′) = 0}, where Sn−1 is
the unit sphere in Rn, we write
A˜(γ, µ, e˜; x) =
∫
R
dµ(t)
1∫
0
A(x− ξγ − te˜ ) dξ, x ∈ Rn.
In this paper, we consider continuous (periodic) functions A : Rn →
R
n and V̂ (s) : Rn → S(s)M , s = 0, 1. In this case, D̂ = D̂0 + V̂ is a
self-adjoint operator on the Hilbert space L2(Rn;CM) with the domain
D(D̂) = D(D̂0) = H
1(Rn;CM).
Theorem 1. Let A : Rn → Rn and V̂ (s) : Rn → S(s)M , s = 0, 1, be
continuous periodic functions with the period lattice Λ ⊂ Rn, n ≥ 3. If
max
e˜∈Sn−2(|γ|−1γ)
∥∥|A˜(γ, µ, e˜; .)−A0|∥∥L∞(Rn) < pi|γ|−1 (2)
for some vector γ ∈ Λ\{0} and a measure µ ∈Mh, h > 0, where
A0 = v
−1(K)
∫
K
A(x) dnx,
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then the spectrum of operator (1) is absolutely continuous.
The operator D̂ is unitarily equivalent to the direct integral∫
2piK∗
⊕
D̂(k)
dnk
(2pi)nv(K∗)
, (3)
where
D̂(k) = D̂0(k) + V̂ , D̂0(k) =
n∑
j=1
(
−i ∂
∂xj
+ kj
)
α̂j , kj = (k, Ej),
D(D̂(k)) = D(D̂0(k)) = H˜
1(K;CM) ⊂ L2(K;CM).
The vector k ∈ Rn is called a quasimomentum. The unitary equivalence
is established using the Gel’fand transformation [11] (also see [9] for the
case of the periodic Dirac operator). The self-adjoint operators D̂(k) have
compact resolvents and hence discrete spectra. Let Eν(k), ν ∈ Z, be the
eigenvalues of the operators D̂(k). We assume that they are arranged in an
increasing order (counting multiplicities). The eigenvalues can be indexed
for different k such that the functions Rn ∋ k → Eν(k) are continuous.
Let e ∈ Sn−1. For k ∈ Rn and κ ≥ 0, we write
D̂0(k + iκe) = D̂0(k) + iκ
n∑
j=1
ejα̂j , ej = (e, Ej),
D̂(k + iκe) = D̂0(k + iκe) + V̂ ,
D(D̂(k + iκe)) = D(D̂0(k + iκe)) = H˜
1(K;CM).
Proof of Theorem 1. We use the Thomas method [12]. Because it is
well known [4,9] (see [2,13] for the case of the periodic Schro¨dinger opera-
tor), we present only a brief scheme of the method. The decomposition of
the operator D̂ into direct integral (3) and the piecewise analyticity of the
functions R ∋ ξ → Eν(k+ξe), ν ∈ Z, k ∈ Rn, imply (see Theorems XIII.85
and XIII.86 in [13]) that to prove the absolute continuity of the spectrum
of operator (1), it suffices to show that the functions ξ → Eν(k+ξe) are not
constant (for some unit vector e) on every interval (ξ1, ξ2) ⊂ R. But if we
suppose that Eν(k+ξe) ≡ E for all ξ ∈ (ξ1, ξ2), ξ1 < ξ2, then it follows from
the analytic Fredholm theorem that E is an eigevalue of D̂(k + (ξ + iκ)e)
for all ξ + iκ ∈ C. Consequently, it suffices to prove the invertibility of
the operators D̂(k + (ξ + iκ)e)− E, k ∈ Rn, E ∈ R, for some ξ + iκ ∈ C.
Theorem 1 is therefore a consequence of the following assertion.
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Theorem 2. Let γ ∈ Λ\{0}, e = |γ|−1γ, µ ∈Mh, h > 0. Let A : Rn →
C
n and V̂ (s) : Rn → L(s)M , s = 0, 1, be continuous periodic functions with
the period lattice Λ ⊂ Rn, n ≥ 3. If A0 = 0 and
max
e˜∈Sn−2(|γ|−1γ)
∥∥(A˜(γ, µ, e˜; .), e˜ ) + i(A˜(γ, µ, e˜; .), e)∥∥
L∞(Rn)
= θ˜pi|γ|−1,
where θ˜ ∈ [0, 1), then for any θ ∈ (0, 1 − θ˜ ), there exists a number κ0 =
κ0(γ, h, µ; V̂ , θ) > 0 such that the inequality
‖D̂(k + iκe)φ‖ ≥ θpi|γ|−1 exp (−4C ‖µ‖ max{|γ|, h−1} ‖A‖L∞(Rn;Cn)) ‖φ‖
holds for all k ∈ Rn with (k, γ) = pi, all κ ≥ κ0, and all vector functions
φ ∈ H˜1(K;CM), where C > 0 is a universal constant to be defined in
Lemma 1.
Theorem 2 is proved in Section 3. The following theorem is a consequence
of Theorem 1.
Theorem 3. Let A : Rn → Rn and V̂ (s) : Rn → S(s)M , s = 0, 1, be
continuous periodic functions with the period lattice Λ ⊂ Rn, n ≥ 3. If at
least one of the conditions
1. A ∈ Hqloc(Rn;Rn), 2q > n− 2, or
2.
∑
N ∈Λ∗
‖AN‖Cn < +∞
holds, then the spectrum of operator (1) is absolutely continuous.
Theorem 4 is used to prove Theorem 3.
Theorem 4. Let Λ be a lattice in Rn, n ≥ 2. There are positive constants
c1 and c2 depending on n and Λ such that for any nonnegative Borel mea-
sure µ on the unit sphere Sn−1 ⊂ Rn, any h > 0, and any R0 ≥ min
γ ∈Λ\{0}
|γ|,
there exists a vector γ ∈ Λ\{0} such that
1. |γ| ≤ R0,
2. if (γ, γ ′) = 0 for some vector γ ′ ∈ Λ\{0}, then |γ ′| > c1R 1/(n−1)0 (Λ∗
is the reciprocal lattice of Λ),
3. µ
({e ′ ∈ Sn−1 : |(e ′, γ)| ≤ h}) ≤ c2|γ|−1max{h,R−1/(n−1)0 }µ(Sn−1).
The proof of Theorem 4 for the lattice Λ = Zn and for h = c3R
−1/(n−1)
0
(where c3 = c3(n) > 0) is presented in [14] (see [15] for n = 3). The proof in
the general case follows the one suggested in [14] with some slight changes.
Proof of Theorem 3. It can be assumed that A0 = 0. We write
F (A; γ, µ) = max
e˜∈Sn−2(|γ|−1γ)
|γ| ‖A˜(γ, µ, e˜; .)‖L∞(Rn;Rn), γ ∈ Λ\{0}, µ ∈Mh.
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Let condition 1 hold. We define the measure
µ(1)(.) =
∑
N ∈Λ∗\{0}
|N |2q ‖A‖2CnδN/|N |(.)
on the unit sphere Sn−1, where δe ′(.) is the Dirac measure concentrated
at the point e ′ ∈ Sn−1. From Theorem 4 (applied to the measure µ(1)), it
follows that for any R0 ≥ min
γ ∈Λ\{0}
|γ| there is a vector γ ∈ Λ\{0} such that
|γ| ≤ R0,∑
N ∈Π(γ)
|N |2q ‖AN‖2Cn ≤ c2|γ|−1R−1/(n−1)0
∑
N ∈Λ∗
|N |2q ‖AN‖2Cn,
and |γ ′| > c1R1/(n−1)0 for all γ ′ ∈ Π(γ) .= {γ ′ ∈ Λ∗\{0} : (γ, γ ′) = 0}. We
take a measure µ ∈Mh (for some h > 0) such that |µ̂(p)| ≤ 1 for all p ∈ R
and µ̂(p) = 0 if |p| ≥ 2pih1 > 2pih. For a vector e˜ ∈ Sn−2(|γ|−1γ), we write
Π(γ, e˜ ) = {γ ′ ∈ Π(γ) : |(γ ′, e˜ )| ≤ h1}. Because 2q > n− 2, we have∑
N ∈Π(γ,e˜ )
|N |−2q ≤ c4R−2q/(n−1)0
for all e˜ ∈ Sn−2(|γ|−1γ), where the constant c4 > 0 depends on n, Λ, q, and
h1. Consequently,
F (A; γ, µ) ≤ sup
e˜∈Sn−2(|γ|−1γ)
|γ|
∑
N ∈Π(γ,e˜ )
‖AN‖Cn ≤ (4)
|γ|
(
sup
e˜∈Sn−2(|γ|−1γ)
∑
N ∈Π(γ,e˜ )
|N |−2q
)1/2( ∑
N ∈Π(γ)
|N |2q ‖AN‖2Cn
)1/2
≤
√
c2c4R
(n−2−2q)/(2(n−1))
0
( ∑
N ∈Λ∗
|N |2q ‖AN‖2Cn
)1/2
.
The right-hand side of (4) becomes arbitrarily small if a sufficiently large
number R0 is chosen (and inequality (2) consequently holds). Case 2, for
which the Dirac measure µ = δ is chosen, is considered in a similar (slightly
simpler) way. Theorem 3 is proved.
2. We fix a vector γ ∈ Λ\{0} and a measure µ ∈Mh, h > 0, e = |γ|−1γ.
In what follows, the constants we introduce can depend on γ, h, and µ, but
we do not indicate this dependence explicitly (untill Theorem 8 below).
Let P̂ C, where C ⊆ Λ∗, denote the orthogonal projection on L2(K;CM)
that takes a vector function φ ∈ L2(K;CM) to the vector function
P̂ Cφ = φC =
∑
N ∈C
φN e
2pii (N,x)
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(here, φ ∅ ≡ 0). We introduce the notation H(C) = {φ ∈ L2(K;CM) :
φN = 0 for N /∈ C}.
Let P(e) = {τe : τ ∈ R}. For the vectors x ∈ Rn\P(e), we write
e˜(x) = (x− (x, e)e) |x− (x, e)e|−1 ∈ Sn−2(e),
where Sn−2(e) = {e˜ ∈ Sn−1 : (e, e˜ ) = 0}; we also write σn−2 = mes (Sn−2),
where mes (.) is the standard measure (‘surface area’) on the unit sphere
Sn−2 = Sn−2(e). For β > 0 and κ > β, we write
Oβ = Oβ(κ) = {x ∈ Rn : |(x, e)| < β and
∣∣κ − |x− (x, e)e|∣∣ < β},
Kβ = Kβ(k;κ) = {N ∈ Λ∗ : k + 2piN ∈ Oβ}, k ∈ Rn.
We set
P̂ ±e˜ =
1
2
(
Î ∓ i
( n∑
j=1
ejα̂j
)( n∑
j=1
e˜jα̂j
))
for all e˜ ∈ Sn−2(e), where P̂ ±e˜ are orthogonal projections on CM .
For k ∈ Rn, κ ≥ 0, and N ∈ Λ∗, we introduce the notation
D̂N(k;κ) =
n∑
j=1
(kj + 2piNj + iκej) α̂j ,
G±N (k;κ) =
(
(k + 2piN, e)2 +
(
κ ±
√
|k + 2piN |2 − (k + 2piN, e)2 )2)1/2,
and GN(k;κ) = G
−
N (k;κ). The inequalities
GN(k;κ) ‖u‖ ≤ ‖D̂N(k;κ)u‖ ≤ G+N (k;κ) ‖u‖, u ∈ CM ,
hold. If (k, γ) = pi, then GN(k;κ) ≥ |(k+2piN, e)| ≥ pi|γ|−1. For all vector
functions φ ∈ H˜1(K;CM),
D̂0(k + iκe)φ =
∑
N ∈Λ∗
D̂N(k;κ)φN e
2pii (N,x).
In this case (for all κ ≥ 0 and k + 2piN /∈ P(e)), we have
‖D̂N(k;κ) P̂ ±e˜(k+2piN) φN‖ = G±N (k;κ) ‖P̂ ±e˜(k+2piN)φN‖ ,
and
P̂ ±e˜(k+2piN) D̂N(k;κ) P̂
±
e˜(k+2piN) = Ô,
where Ô ∈ LM is the zero matrix.
We let P̂ ± = P̂ ±(k), where k ∈ Rn, denote the operators on L2(K;CM)
that take vector functions φ ∈ L2(K;CM) to the vector functions P̂ ±φ ∈
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L2(K;CM) with the Fourier coefficients (P̂ ±φ)N = P̂ ±e˜(k+2piN)φN if k +
2piN /∈ P(e) and (P̂ ±φ)N = 0 otherwise.
For the matrix function V̂ = V̂ (0) + V̂ (1) −
n∑
j=1
Ajα̂j, where V̂
(s) : Rn →
L(s)M , s = 0, 1, and A : Rn → Cn are continuous periodic functions with the
period lattice Λ, we write
W =W (V̂ ) = n ‖A‖L∞(Rn;Cn) +
∑
s=0,1
‖V̂ (s)‖L∞(Rn;LM ) .
We set c5(A) = c5(A; γ, h, µ) = exp
(−4C ‖µ‖ max {|γ|, h−1} ‖A‖L∞(Rn;Cn)),
where C > 0 is a universal constant to be defined in Lemma 1.
Theorem 5. Let θ˜ ∈ [0, 1), θ ∈ (0, 1− θ˜), W0 ≥ 0, R ≥ 1, β > 0, and
a ∈ (0, 1]. Also, let us fix a vector γ ∈ Λ\{0}, a number h > 0, and a
measure µ ∈Mh; e = |γ|−1γ. Then there are numbers b = b (θ˜, θ,W0; a) >
0 and κ0 = κ0(θ˜, θ,W0, R, β; a) > 4β +R such that the inequality
‖P̂ +(k) D̂(k + iκe)φ‖2 + a2 ‖P̂ −(k) D̂(k + iκe)φ‖2 ≥
c25(A)
((
θ
pi
|γ|
)2
‖P −(k)φ‖2 +
(
bκ
β + R
)2
‖P +(k)φ‖2
)
holds for all vectors k ∈ Rn with (k, γ) = pi, all κ ≥ κ0, all continuous
periodic functions V̂ (s) : Rn → L(s)M , s = 0, 1, and A : Rn → Cn (with the
period lattice Λ ⊂ Rn, n ≥ 3) such that A0 = 0,
W (V̂ ) ≤W0 , (5)
max
e˜∈Sn−2(e)
‖(A˜(γ, µ, e˜; .), e˜ ) + i(A˜(γ, µ, e˜; .), e)‖L∞(Rn) ≤ θ˜ pi|γ|−1, (6)
V̂N = 0 for 2pi|N | > R , (7)
and all vector functions φ ∈ H(Kβ(k;κ)).
Proof. Without loss of generality we assume that the basis vector E2
coincides with e. We fix some numbers θ < θ4 < θ3 < θ2 < θ1 < 1 − θ˜
and write δ = 1 − θ24 θ−23 and c ′5 = exp
(−4C ‖µ‖ max {|γ|, h−1}W0). We
choose a number ε˜ ∈ (0, 1) proceeding from the condition (c ′5)2
(
(1− ε˜) θ24−
θ2
)
pi2|γ|−2 ≥ 2δ−1W 20 ε˜. Lower bounds for the constant κ0 are specified
in the course of the proof. We first suppose that κ0 > 4β + R. In this
case, if N ∈ Kβ(k;κ), k ∈ Rn, κ ≥ κ0, and 2pi|N ′| ≤ R (where N ′ ∈ Λ∗),
then |e˜(k + 2pi(N +N ′))− e˜(k + 2piN)| < 2R/κ. There is a number c6 =
c6(ε˜) > 0 such that for all κ ≥ κ0, there are nonintersecting (nonempty)
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open sets Ω˜λ = Ω˜λ(κ) ⊂ Sn−2 = Sn−2(e) and vectors Eλ = Eλ(κ) ∈ Ω˜λ ,
λ = 1, . . . , λ(ε˜, R;κ), such that
1. |e˜− Eλ| ≤ ρ˜ = c6R/κ for all e˜ ∈ Ω˜λ ;
2. |e˜ ′ − e˜ ′′| > 8R/κ for all e˜ ′ ∈ Ω˜λ1 , e˜ ′′ ∈ Ω˜λ2 , λ1 6= λ2 ;
3. mes
(
Sn−2\
⋃
λ
Ω˜λ
)
< (1/2) ε˜ σn−2 .
We introduce the notation ρ = ρ˜+ 2R/κ, ρ ′ = ρ˜+ 4R/κ. Let
Ωλ =
{
e˜ ∈ Sn−2 : |e˜− e˜ ′| < 2R
κ
for some e˜ ′ ∈ Ω˜λ
}
;
Ω˜λ ⊂ Ωλ, and |e˜ ′ − e˜ ′′| > 4R/κ for all e˜ ′ ∈ Ωλ1 , e˜ ′′ ∈ Ωλ2 , λ1 6= λ2 .
Property 3 implies that for any k ∈ Rn with (k, γ) = pi, any κ ≥ κ0 , and
any φ ∈ H(Kβ(k;κ)), there is an orthogonal transformation Ŝ = Ŝ(k,κ;φ)
of the unit sphere Sn−2 such that (for each of the signs)∑
N ∈Kβ : e˜(k+2piN) /∈
⋃
λ
ŜΩ˜λ
‖P̂ ±e˜(k+2piN)φN‖2 ≤ ε˜ v−1(K) ‖P̂ ±φ‖2.
We write
e˜λ = Ŝ(k,κ;φ)Eλ,
K˜λβ = K˜λβ(k,κ;φ) = {N ∈ Kβ(k;κ) : e˜(k + 2piN) ∈ ŜΩ˜λ},
Kλβ = Kλβ(k,κ;φ) = {N ∈ Kβ(k;κ) : e˜(k + 2piN) ∈ ŜΩλ}, K˜λβ ⊂ Kλβ .
The choice of the orthogonal transformation Ŝ means that∥∥(P̂ ±φ)Kβ\⋃λ K˜λβ ∥∥2 ≤ ε˜ ‖P̂ ±φ‖2. (8)
For each index λ (and for all already chosen k, κ, and φ), we take an
orthogonal system of vectors E (λ)j ∈ Sn−1 , j = 1, . . . , n, such that E (λ)1 =
e˜λ and E (λ)2 = E2 = e. We let x(λ)j = (x, E (λ)j ) denote the coordinates
of the vectors x =
n∑
j=1
xjEj ∈ Rn (and also of the vectors in Cn). Let
E (λ)j =
n∑
l=1
T
(λ)
lj El . Then A(λ)j =
n∑
l=1
T
(λ)
lj Al (where Al = (A, El) and A(λ)j =
(A, E (λ)j )), A˜(λ)j = A˜(λ)j (γ, µ, e˜λ; .) =
n∑
l=1
T
(λ)
lj A˜l , and A˜l = A˜l(γ, µ, e˜
λ; .). We
introduce the notation α̂
(λ)
j =
n∑
l=1
T
(λ)
lj α̂l , j = 1, . . . , n. For the Fourier
coefficients (A˜
(λ)
j )N of the functions A˜
(λ)
j , j = 1, . . . , n, we have (A˜
(λ)
j )N =
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µ̂ (2piN
(λ)
1 ) (A
(λ)
j )N if N2 = 0 and (A˜
(λ)
j )N = 0 if N2 6= 0. (Here, (A(λ)j )N are
the Fourier coefficients of A
(λ)
j , N ∈ Λ∗.)
Let Φ(s,λ) : Rn → C, s = 1, 2, be periodic trigonometric polynomials
with the period lattice Λ and the Fourier coefficients Φ
(1,λ)
N = Φ
(2,λ)
N = 0 if
N
(λ)
1 = N2 = 0 and
Φ
(1,λ)
N =
(
2pii
(
(N
(λ)
1 )
2 +N22
))−1(
N
(λ)
1 (A
(λ)
1 − A˜(λ)1 )N +N2 (A2 − A˜2)N
)
,
Φ
(2,λ)
N = −
(
2pii
(
(N
(λ)
1 )
2 +N22
))−1(
N2 (A
(λ)
1 − A˜(λ)1 )N −N (λ)1 (A2 − A˜2)N
)
otherwise. We have
∂Φ(1,λ)
∂x
(λ)
1
− ∂Φ
(2,λ)
∂x2
= A
(λ)
1 − A˜(λ)1 ,
∂Φ(1,λ)
∂x2
+
∂Φ(2,λ)
∂x
(λ)
1
= A2 − A˜2 .
Lemma 1. There is a universal constant C > 0 such that
‖Φ(s,λ)‖L∞(Rn) ≤ C ‖µ‖ max {|γ|, h−1} ‖A‖L∞(Rn;Cn) , s = 1, 2.
Proof. Let η(.) ∈ C∞(R;R), η(τ) = 0 for τ ≤ pi, 0 ≤ η(τ) ≤ 1 for
pi < τ ≤ 2pi, and η(τ) = 1 for τ > 2pi. For x, y ∈ R (and x2 + y2 > 0), we
set
G(x, y) =
x
x2 + y2
+∞∫
0
∂η(τ)
∂τ
J0
(
τ
√
x2 + y2
)
dτ ,
where J0(.) is the Bessel function of the first kind of order zero; G(., .) ∈
Lq(R2), q ∈ [1, 2). We write G1(t; x, y) = t−1G(t−1x, t−1y), t > 0, and
G2(t; x, y) = G1(t; y, x); ‖Gs(t; ., .)‖L1(R2) = t ‖G(., .)‖L1(R2) , s = 1, 2. For
arbitrary continuous periodic functions F : Rn → C with the period lattice
Λ, we set(F ∗λ Gs(t; ., .))(x) = ∫∫
R2
Gs(t; ξ1, ξ2)F(x− ξ1e˜λ − ξ2e) dξ1dξ2 , x ∈ Rn.
In this case, (F ∗λ Gs(t; ., .))N = 0 if N (λ)1 = N2 = 0 and(F ∗λ Gs(t; ., .))N = − iN
(λ)
s
(N
(λ)
1 )
2 +N22
η
(
2pit
√
(N
(λ)
1 )
2 +N22
)
FN
otherwise, s = 1, 2. Let t = max {|γ|, h−1}. Because (A − A˜)N = 0 for
N2 = 0, |N (λ)1 | ≤ h, and |N2| = |γ|−1|(N, γ)| ≥ |γ|−1 for N2 6= 0, we have
2piΦ(1,λ) = (A
(λ)
1 − A˜(λ)1 ) ∗λ G1(t; ., .) + (A2 − A˜2) ∗λ G2(t; ., .),
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2piΦ(2,λ) = − (A(λ)1 − A˜(λ)1 ) ∗λ G2(t; ., .) + (A2 − A˜2) ∗λ G1(t; ., .).
Using the inequalities ‖A˜‖L∞(Rn;Cn) ≤ ‖µ‖ ‖A‖L∞(Rn;Cn) and ‖µ‖ ≥ 1, and
taking the constant C = 2pi−1‖G(., .)‖L1(R2) , we complete the proof of the
lemma. 
We introduce the notation
D̂
(λ)
0 =
(
−i ∂
∂x
(λ)
1
+ k
(λ)
1
)
α̂
(λ)
1 +
(
−i ∂
∂x2
+ k2 + iκ
)
α̂2 ,
D̂(λ) = D̂
(λ)
0 − A˜(λ)1 α̂(λ)1 − A˜2α̂2 ,
D̂(λ)(k + iκe) = e−iα̂
(λ)
1 α̂2Φ
(2,λ)
e iΦ
(1,λ)
D̂(λ) e−iΦ
(1,λ)
e−iα̂
(λ)
1 α̂2Φ
(2,λ)
,
V̂ (λ) = V̂ (0) + V̂ (1) +
n∑
j=3
(
−i ∂
∂x
(λ)
j
+ k
(λ)
j − A(λ)j
)
α̂
(λ)
j ,
D̂(k + iκe) = D̂(λ)(k + iκe) + V̂ (λ).
If N ∈ Kλβ , then |e˜(k + 2piN)− e˜λ| < ρ and therefore
|k + 2piN − (k2 + 2piN2)e− κe˜λ| < β + ρκ .
It follows that∣∣∣∣
n∑
j=3
(k
(λ)
j +2piN
(λ)
j ) E (λ)j
∣∣∣∣ < β+ ρκ , |k(λ)1 +2piN (λ)1 −κ| < β+ ρκ , (9)
and
‖V̂ (λ)φKλβ‖ ≤ (β + (c6 + 2)R+W ) ‖φKλβ‖ .
We use the brief notation P̂ ±λ = P̂
±
e˜λ
= (1/2)(Î ± iα̂(λ)1 α̂2). We set χ(λ) =
e−iΦ
(1,λ)
e−iα̂
(λ)
1 α̂2Φ
(2,λ)
φK
λ
β . The relation
D̂
(λ)
0 P̂
±
λ χ
(λ) =
∑
N ∈Λ∗
(
k2+2piN2+i(k
(λ)
1 +2piN
(λ)
1 ))
)
α̂2P̂
±
λ χ
(λ)
N e
2pii (N,x) (10)
holds.
We write O(λ)(τ) = {N ∈ Λ∗ : |k(λ)1 + 2piN (λ)1 − κ| < 2τ}, τ > 0.
Inequalities (9) imply that there is a constant
c7 = c7 (θ˜, θ,W0, R, β) >
1
2
(β + (c6 + 2)R)
such that (for all λ)∥∥∥∥ ∑
N ∈Λ∗ \O(λ)(c7)
P̂ +λ χ
(λ)
N e
2pii (N,x)
∥∥∥∥ ≤ 12 ∥∥P̂ +λ χ(λ)∥∥ . (11)
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In what follows, we assume that κ0 ≥ c7 . As a consequence of (10) and
(11), we obtain
‖D̂(λ)0 P̂ +λ χ(λ)‖ ≥ v 1/2(K)
( ∑
N ∈O(λ)(c7)
|κ+(k(λ)1 +2piN (λ)1 )|2 ‖P̂ +λ χ(λ)N ‖2
)1/2
≥
2 (κ − c7)
∥∥∥∥ ∑
N ∈O(λ)(c7)
P̂ +λ χ
(λ)
N e
2pii (N,x)
∥∥∥∥ ≥ (κ − c7) ‖P̂ +λ χ(λ)‖ .
On the other hand, we have |k2 + 2piN2| ≥ pi|γ|−1. Condition (6) implies
that
‖ A˜(λ)1 α̂(λ)1 + A˜2α̂2 ‖L∞(Rn;LM ) ≤ θ˜pi|γ|−1,
and therefore (see (10))
‖D̂(λ)P̂ −λ χ(λ)‖ ≥ ‖D̂(λ)0 P̂ −λ χ(λ)‖−θ˜pi|γ|−1‖P̂ −λ χ(λ)‖ ≥ (1−θ˜ )pi|γ|−1‖P̂ −λ χ(λ)‖ .
The operators P̂ ±λ commute with the operators e
±iΦ(1,λ), e−iα̂
(λ)
1 α̂2Φ
(2,λ)
, and
V̂ (λ), and we have P̂ ±λ D̂(λ) = D̂(λ)P̂ ∓λ . Consequently,
P̂ ±λ D̂(k + iκe) = D̂
(λ)(k + iκe)P̂ ∓λ + V̂ (λ)P̂ ±λ .
Using the above estimates and also the inequality
‖ e± iΦ(1,λ) e iα̂(λ)1 α̂2Φ(2,λ) ‖L∞(Rn;LM ) ≤ c−1/25 (A),
we derive
‖P̂ +λ D̂(k+iκe)φK
λ
β‖ ≥ (1−θ˜ )pi|γ|−1c5(A) ‖P̂ −λ φK
λ
β‖−‖V̂ (λ)P̂ +λ φK
λ
β‖ , (12)
‖P̂ −λ D̂(k + iκe)φK
λ
β‖ ≥ (13)
(κ − c7 − pi|γ|−1) c5(A) ‖P̂ +λ φK
λ
β‖ − ‖V̂ (λ)P̂ −λ φK
λ
β‖ .
Let
σ = θ22 θ
−2
3 − 1,
a˜ = min {1,√σ a, (1− θ˜ − θ1) pi|γ|−1c ′5 (β + (c6 + 2)R+W0)−1},
b ′′ = min


1 ,√
σ a ,
(1− θ˜ − θ1) pi|γ|−1 c ′5 (c6 + 2)−1(1 +W0)−1 ,
2 (θ1 − θ2) pi|γ|−1(c6 + 2)−1 .
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Since (β+R)−1 b ′′ < a˜, we can pick a number a˜ ′ such that (β+R)−1 b ′′ ≤
a˜ ′ < a˜. For an adequate choice of the number κ0 (and for κ ≥ κ0),
inequalities (12) and (13) imply the estimate
‖P̂ +λ D̂(k + iκe)φK
λ
β‖+ a˜ ‖P̂ −λ D̂(k + iκe)φK
λ
β‖ ≥
c5(A)
(
θ1pi|γ|−1‖P̂ −λ φK
λ
β‖+ a˜ ′κ ‖P̂ +λ φK
λ
β‖ ).
For all e˜ ∈ ŜΩλ ⊂ Sn−2(e), we have∥∥ (P̂ ± − P̂ ±λ )φKλβ ∥∥ ≤ 12 |e˜− e˜λ| ‖φKλβ‖ ≤ ρ2 ‖φKλβ‖ . (14)
If (D̂(k + iκe)φK
λ
β)N 6= 0 for some N ∈ Λ∗, then k + 2piN /∈ P(e) and
|e˜(k + 2piN)− e˜λ| < ρ+ 2R/κ = ρ ′. Therefore,∥∥ (P̂ ± − P̂ ±λ )D̂(k + iκe)φKλβ ∥∥ ≤ ρ ′2 ∥∥ D̂(k + iκe)φKλβ ∥∥ .
Consequently,
‖P̂ +λ D̂(k + iκe)φK
λ
β‖+ a˜ ‖P̂ −λ D̂(k + iκe)φK
λ
β‖ ≤ (15)
(1 + ρ ′ a˜−1)
( ‖P̂ +D̂(k + iκe)φKλβ‖+ a˜ ‖P̂ −D̂(k + iκe)φKλβ‖ ).
Since (β+R)−1 b ′′ ≤ a˜ ′ and (c6+2) b ′′ ≤ 2 (θ1−θ2) pi|γ|−1, for an adequately
chosen number κ0 (and for κ ≥ κ0) inequality (14) implies that
θ1
pi
|γ| ‖P̂
−
λ φ
Kλβ‖+ b
′′
κ
β +R
‖P̂ +λ φK
λ
β‖ ≥ (16)
(1 + ρ ′ a˜−1)
(
θ2
pi
|γ| ‖P̂
−φK
λ
β‖+ b
′′κ
2 (β + R)
‖P̂ +φKλβ‖
)
.
From (15) and (16), it follows that
‖P̂ +D̂(k + iκe)φKλβ‖+ a˜ ‖P̂ −D̂(k + iκe)φKλβ‖ ≥
c5(A)
(
θ2
pi
|γ| ‖P̂
−φK
λ
β‖+ b
′′κ
2 (β + R)
‖P̂ +φKλβ‖
)
.
We write b ′ = (1/2)(1 + σ)−1/2 b ′′. Then
‖P̂ +D̂(k + iκe)φKλβ‖2 + a2 ‖P̂ −D̂(k + iκe)φKλβ‖2 ≥ (17)
(1 + σ)−1
( ‖P̂ +D̂(k + iκe)φKλβ‖+ a˜ ‖P̂ −D̂(k + iκe)φKλβ‖ )2 ≥
c25(A)
((
θ3
pi
|γ|
)2
‖P̂ −φKλβ‖2 +
(
b ′κ
2 (β + R)
)2
‖P̂ +φKλβ‖2
)
.
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If N ∈ Λ∗ and λ1 6= λ2 , then either 2pi|N −N ′| > R for all N ′ ∈ Kλ1β or
2pi|N −N ′′| > R for all N ′′ ∈ Kλ2β . Therefore,
V̂ φ
⋃
λ
Kλβ
=
∑
λ
V̂ φK
λ
β , D̂(k + iκe)φ
⋃
λ
Kλβ
=
∑
λ
D̂(k + iκe)φK
λ
β .
If N ∈ ⋃
λ
Kλβ , then
(D̂(k + iκe)φ)N =
(
D̂(k + iκe)φ
⋃
λ
Kλβ
)
N
+
(
V̂ φ
Kβ\
⋃
λ
Kλβ
)
N
.
If N ∈ Λ∗ \⋃
λ
Kλβ , then(
D̂(k + iκe)φ
⋃
λ
Kλβ
)
N
=
(
V̂ φ
⋃
λ
(Kλβ \ K˜λβ )
)
N
.
These relations (for each of the signs) imply the estimates
‖P̂ ±D̂(k + iκe)φ‖2 ≥ (18)
v(K)
∑
N ∈⋃
λ
Kλβ
∥∥∥∥
(
P̂ ±D̂(k + iκe)φ
⋃
λ
Kλβ
)
N
+
(
P̂ ±V̂ φ
Kβ\
⋃
λ
Kλβ
)
N
∥∥∥∥ ≥
(1− δ)
∥∥∥∥ P̂ ± D̂(k + iκe)φ
⋃
λ
Kλβ
∥∥∥∥2−
(1− δ)
∥∥∥∥ P̂ Λ∗ \
⋃
λ
Kλβ
P̂ ± V̂ φ
⋃
λ
(Kλβ \ K˜λβ )
∥∥∥∥2−
(1− δ) δ−1
∥∥∥∥ P̂
⋃
λ
Kλβ
P̂ ± V̂ φ
Kβ\
⋃
λ
Kλβ
∥∥∥∥2 ≥
(1− δ)
∥∥∥∥ P̂ ±D̂(k + iκe)φ
⋃
λ
Kλβ
∥∥∥∥2 − (1− δ2) δ−1W 2
∥∥∥∥φKβ\
⋃
λ
Kλβ
∥∥∥∥2 ≥
(1− δ)
∥∥∥∥ P̂ ±D̂(k + iκe)φ
⋃
λ
Kλβ
∥∥∥∥2 − ε˜ δ−1W 2 ‖φ‖2.
We set b = (1/4)
√
(1− δ)(1− ε˜ ) b ′. For κ0 , we assume that 3(c ′5)2b 2κ20 ≥
8 ε˜ δ−1W 20R
2. Then for κ ≥ κ0 , from (17) and (18) (in view of (8) and the
constraint a ≤ 1) we obtain the inequalities
‖P̂ +D̂(k + iκe)φ‖2 + a2 ‖P̂ −D̂(k + iκe)φ‖2 ≥
(1− δ) c25(A)
∑
λ
((
θ3
pi
|γ|
)2
‖P̂ −φKλβ‖2 +
(
b ′κ
2 (β + R)
)2
‖P̂ +φKλβ‖2
)
−
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2
δ
W 2ε˜ ‖φ‖2 ≥
(1− ε˜ ) c25(A)
((
θ4
pi
|γ|
)2
‖P̂ −φ‖2 + (1− δ)
(
b ′κ
2 (β + R)
)2
‖P̂ +φ‖2
)
−
2
δ
W 2ε˜ (‖P̂ −φ‖2 + ‖P̂ +φ‖2) ≥
c25(A)
((
θ
pi
|γ|
)2
‖P̂ −φ‖2 + (1− δ)
(
bκ
β +R
)2
‖P̂ +φ‖2
)
.
Theorem 5 is proved.
3. The following theorems are a consequence of Theorem 5. The proof
of Theorem 6 is based on applying the relation
P̂ ±(k)D̂0(k + iκe) = D̂0(k + iκe)P̂ ∓(k)
and on selecting an arbitrarily small number a ∈ (0, 1]. The proof of
Theorem 7 essentially uses the arbitrariness in the choice of the number
β > 0 (see below). Theorem 6 is used to prove the absolute continuity of
the spectrum of a periodic Schro¨dinger operator.
Theorem 6. Let θ˜ ∈ [0, 1), W0 ≥ 0, R ≥ 1, and β > 0 (for a fixed
vector γ ∈ Λ\{0} and a fixed measure µ ∈ Mh , h > 0; e = |γ|−1γ). Then
there are numbers c8 = c8 (θ˜,W0) > 0 and κ0 = κ0 (θ˜,W0, R, β) > 4β +5R
such that for all vectors k ∈ Rn with (k, γ) = pi, all κ ≥ κ0 , all continuous
periodic functions V̂ (s) : Rn → L(s)M , s = 0, 1, and A : Rn → Cn (with the
period lattice Λ ⊂ Rn, n ≥ 3) for which A0 = 0 and conditions (5) – (7)
are satisfied, and all vector functions φ ∈ H(Kβ(k;κ)), the inequality
‖D̂2(k + iκe)φ‖ ≥ c8 κ
β + R
‖φ‖
holds.
Theorem 7. Let θ˜ ∈ [0, 1), θ ∈ (0, 1 − θ˜), W0 ≥ 0, R ≥ 1, and
δ ∈ (0, 1] (for a fixed vector γ ∈ Λ\{0} and a fixed measure µ ∈ Mh ,
h > 0; e = |γ|−1γ). Then there are numbers D = D (θ,W0, δ) ≥ 1 and
κ0 = κ0 (θ˜, θ,W0, R, δ) > (4D + 1)R such that for all vectors k ∈ Rn with
(k, γ) = pi, all κ ≥ κ0 , all continuous periodic functions V̂ (s) : Rn → L(s)M ,
s = 0, 1, and A : Rn → Cn (with the period lattice Λ ⊂ Rn, n ≥ 3) for
which A0 = 0 and conditions (5) – (7) are satisfied, and all vector functions
φ ∈ H˜1(K;CM), the inequality
‖D̂(k + iκe)φ‖2 ≥
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(1− δ)
(
c25(A)
(
θ
pi
|γ|
)2∥∥φKDR∥∥2 + v(K) ∑
N ∈Λ∗\KDR
G2N(k;κ) ‖φN‖2
)
holds.
Proof of Theorem 2. Let θ < θ ′ < 1−θ˜, V̂ (s)ν : Rn → L(s)M , s = 0, 1, and
Aν : R
n → Cn, ν ∈ N, be sequences of trigonometric polynomials with the
period lattice Λ that uniformly converge as ν → +∞ to the functions V̂ (s)
and A, let (Aν)0 = 0 for all ν ∈ N, and let V̂ν = V̂ (0)ν + V̂ (1)ν −
n∑
j=1
(Aν)jα̂j .
From Theorem 7 (because GN(k;κ) ≥ pi|γ|−1, N ∈ Λ∗) it follows that for
all sufficiently large ν, there are numbers κ
(ν)
0 > 0 such that for all k ∈ Rn
with (k, γ) = pi, all κ ≥ κ(ν)0 , and all vector functions φ ∈ H˜1(K;CM), the
inequality
‖(D̂0(k + iκe) + V̂ν)φ‖ ≥ c5(Aν) θ ′pi|γ|−1‖φ‖
is valid. For a sufficiently large index ν (and for κ ≥ κ(ν)0 ), it follows that
the desired inequality holds. Theorem 2 is proved.
Theorem 8. Let V̂ (s) : Rn → L(s)M , s = 0, 1, and A : Rn → Cn be
continuous periodic functions with the period lattice Λ ⊂ Rn, n ≥ 3. If
A0 = 0 and condition (6) with θ˜ ∈ [0, 1) is satisfied for a vector γ ∈ Λ\{0}
(e = |γ|−1γ) and a measure µ ∈ Mh , h > 0, then for any δ ∈ (0, 1] , there
are numbers β = β (γ, h, µ; V̂ , δ) > 0 and κ0 = κ0 (γ, h, µ; V̂ , δ) > 0 such
that for all k ∈ Rn with (k, γ) = pi, all κ ≥ κ0 , and all vector functions
φ ∈ H˜1(K;CM), the inequality
‖D̂(k + iκe)φ‖2 ≥ (1− δ)
(
c25(A; γ, h, µ) (1− θ˜ )2
(
pi
|γ|
)2∥∥φKβ∥∥2+
v(K)
∑
N ∈Λ∗\Kβ
G2N(k;κ) ‖φN‖2
)
holds.
Theorem 8 also follows from Theorem 7 in view of the uniform approxi-
mation of the functions V̂ (s) and A by trigonometric polynomials with the
period lattice Λ.
Corollary. Let V̂ (s) : Rn → L(s)M , s = 0, 1, and A : Rn → Cn be
continuous periodic functions with the period lattice Λ ⊂ Rn, n ≥ 3, let
A0 = 0, and let condition (6) with θ˜ ∈ [0, 1) hold for some vector γ ∈ Λ\{0}
(e = |γ|−1γ) and a measure µ ∈ Mh , h > 0. Then there are numbers
c9 = c9 (γ, h, µ; V̂ ) > 0 and κ0 = κ0 (γ, h, µ; V̂ ) > 0 such that for all k ∈ Rn
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with (k, γ) = pi, all κ ≥ κ0 , and all vector functions φ ∈ H˜1(K;CM), the
inequality
‖D̂(k + iκe)φ‖2 ≥ c9 v(K)
∑
N ∈Λ∗
G2N(k;κ) ‖φN‖2
is fulfilled.
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